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Abstract
We examine the high energy (Regge) limit of gravitational scattering using a Wilson line
approach previously used in the context of non-Abelian gauge theories. Our aim is to clar-
ify the nature of the Reggeization of the graviton and the interplay between this Reggeization
and the so-called eikonal phase which determines the spectrum of gravitational bound states.
Furthermore, we discuss finite corrections to this picture. Our results are of relevance to var-
ious supergravity theories, and also help to clarify the relationship between gauge and gravity
theories.
1 Introduction
The structure of scattering amplitudes in both gauge and gravity theories continues to attract sig-
nificant attention, due to a wide variety of phenomenological and formal applications. Although
superficially very different from each other, there is mounting evidence that gauge and gravity
theories may be related to each other in intriguing ways. Such developments motivate the need to
study aspects of amplitudes in a variety of theories using a common language, and to compare and
contrast phenomena in gauge theories with their gravitational counterparts.
This paper studies one such phenomenon, that of four-point scattering of massive (and massless)
particles in the so-called Regge limit, in which the center-of-mass energy far exceeds the momentum
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Figure 1: Particle labels used throughout for 2→ 2 scattering.
transfer. The properties of amplitudes in this limit have been studied for a long time, for example
in the context of strong interactions predating the advent of QCD (see e.g. refs. [1–3] and references
therein). Their asymptotic high energy behavior is dictated by singularities in the complex angular
momentum plane, which may take the form of poles or cuts. Simple poles give rise to a power-like
growth of scattering amplitudes with the center-of-mass energy:
A ∼
(
s
−t
)α(t)
, (1.1)
where we have defined the Mandelstam invariants5
s = (p1 + p2)
2; t = (p1 − p3)2; u = (p1 − p4)2. (1.2)
These satisfy the momentum conservation constraint
s+ t+ u =
4∑
i=1
m2i (1.3)
in terms of the particle momenta {pi} and masses {mi}, and we label particles as shown in figure 1.
The function α(t) in eq. (1.1) is known as the Regge trajectory, whose physical origin is the exchange
of a family of particles in the t-channel. Reggeization has also been studied within the context
of perturbative quantum field theory, for both scalar and (non)-Abelian gauge theories [4–28].
There, Regge behavior of amplitudes follows after first demonstrating that elementary constituents
themselves Reggeize. For, example, one may show in QCD that the Feynman gauge propagator in
the Regge limit is dressed according to
− ηµν
k2
→ −ηµν
k2
(
s
−t
)α˜(t)
, (1.4)
where α˜(t) is related in a straightforward way to the Regge trajectory α(t). The gluon and quark
trajectories in QCD are known to two-loop order [22–27]. At one loop order, they are given by
α˜(1)(t) =
αs(µ
2)
2pi
(
µ2
−t
)
CR

, (1.5)
in d = 4−2 dimensions, where CR is the quadratic Casimir operator in the appropriate representa-
tion, and µ the renormalization scale. Note that this is purely infrared singular (up to scale-related
5In this paper, we use the metric convention (+,−,−,−).
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Figure 2: The Regge limit as two Wilson lines separated by a transverse distance ~z.
logarithms). Apart from the particle-dependent Casimir, there is a universal coefficient, which may
be written in terms of the one-loop cusp anomalous dimension [29,30]. The latter quantity controls
the ultraviolet renormalization of Wilson line operators, and this connection will become clear in
what follows. At two-loop order, the Regge trajectories of the quark and gluon are no longer purely
infrared singular, also involving finite terms.
A convenient formalism for studying Reggeization was introduced in refs. [29, 30], and is based
upon the fact that in the Regge limit of 2 → 2 scattering, the incoming particles glance off each
other, such that the outgoing particles are highly forward, and essentially do not recoil. They
can therefore only change by a phase, and for this phase to have the right gauge-transformation
properties to form part of a scattering amplitude, it must correspond to a Wilson line operator.
Thus, scattering in the forward limit can be described as two Wilson lines separated by a transverse
distance (or impact parameter) ~z, a situation depicted in figure 2. The ultraviolet behavior of the
Wilson line correlator reproduces the infrared singularities of the scattering amplitude, and thus
the infrared singular parts of the gluon Regge trajectory. Ultraviolet renormalization of Wilson
lines is governed by the cusp anomalous dimension, hence the connection between this quantity
and the Regge trajectory noted above.
The relationship between infrared singularities and the Regge limit was studied further recently
in refs. [31, 32], which used a conjectured formula for the all-order infrared (IR) singularity struc-
ture of QCD (the dipole formula of refs. [33–35], itself motivated by explicit two-loop calcula-
tions [36–38]) to show that Reggeization occurs generically up to next-to-leading logarithmic order
in s/(−t), for any allowable t-channel exchange. The corresponding Regge trajectory is dictated
by the cusp anomalous dimension, as already noted in refs. [29, 30], and involves the quadratic
Casimir operator in the representation of the exchanged particle. Beyond this logarithmic order,
the authors of refs. [31, 32] noted a breakdown of simple Regge pole behavior, associated with a
color operator which has also been linked to the breakdown of collinear factorization in certain
circumstances [39–41]. A breakdown of simple Regge pole behavior at this order is consistent with
previous two-loop calculations of quark and gluon scattering [42], and is likely to signal the appear-
ance of Regge cuts associated with multi-Reggeon exchange [18, 43]. The analysis of refs. [31, 32]
also used the Regge limit to constrain possible corrections to the QCD dipole formula (known to
break already for massive particles [44–46]). Such corrections may potentially occur at three-loop
order, and have also been investigated in refs. [35, 47–50] (see also refs. [51–58] for recent work on
understanding IR singularities at higher orders).
Although much is known about the Regge limit of gauge theories in perturbative gauge theory,
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the situation in gravity is more confused6. The one-loop Regge trajectory of the graviton was
first derived in refs. [59–61], within the context of both Einstein-Hilbert gravity, and its super-
symmetric extensions. One of the authors of the present paper (HJS) argued in ref. [62] (based
on earlier studies employing analyticity arguments [63–67]) that Reggeization of the graviton in
N = 8 supergravity follows from that of the gluon in N = 4 super-Yang-Mills theory [68, 69] (see
also refs. [42, 70]) as a consequence of the well-known KLT relations [71] relating scattering am-
plitudes in the two theories. This was considered from a Feynman diagrammatic point of view in
ref. [72–74], which also discussed the potential structure of Regge cut contributions in supergravity.
There has recently been a rekindled interest in the Regge limit of gravity. A chief motivation is
the study of gravitational scattering in the transplanckian regime [75] (see also ref. [76–81]). This
regime allows one to explore conceptual questions of quantum gravity, such as the existence, or
otherwise, of a gravitational S-matrix [82,83]. An interesting feature is that high energy scattering
in gravity is dominated by long-distance rather than short-distance behavior, a fact which is ulti-
mately traceable to the dimensionality of the gravitational coupling constant, and the masslessness
of the graviton. The lack, or otherwise, of ultraviolet renormalizability ceases to be problematic in
this limit, and one may show that the long-distance behavior is insensitive to the amount of super-
symmetry. However, some confusion remained in ref. [75] about the role of graviton Reggeization,
and the interplay between this and the so-called eikonal phase which appears at high energy [84],
and which is associated with the formation of gravitational bound states. This confusion is in part
related to the fact that the graviton Regge trajectory is linear in the squared momentum trans-
fer t [59–62,72], and thus becomes kinematically subleading in the strict Regge limit s/(−t)→∞.
The issue of graviton Reggeization is also complicated by double logarithmic contributions in s/(−t),
which have been discussed at length in ref. [85].
The Regge limit has also been the focus of studies which aim to relate the properties of gauge
and gravity theories. Examples include refs. [86, 87], which use the high energy limit to probe the
all-order validity of the proposed double copy structure between gauge and gravity theories [88–90].
As the work of refs. [29,30] (and, subsequently, refs. [31,32]) makes clear, the Regge limit can be at
least partially understood in terms of soft gluon physics and Wilson lines. The soft limit of gravity
was first considered in ref. [91], and has recently been more extensively studied in refs. [92–98].
The latter papers seek to cast the gravitational behavior in terms of contemporary gauge theory
language, and thus to expose common physics in the soft limits of both theories. This includes the
introduction of Wilson line operators for soft graviton emission [92,93], whose vacuum expectation
values give rise to a gravitational soft function, the UV singularities of which correspond to the
IR singularities of a scattering amplitude. As in QCD, this function exponentiates. Unlike QCD,
however, the gravitational soft function has the special property of being one-loop exact, meaning
that there are no higher loop corrections to the exponent [92–94].
The aim of this paper is to examine the Regge limit of (super-)gravity using Wilson lines, using
a similar approach to the QED / QCD case of refs. [29, 30]. There are a number of motivations
for doing so. First, the analysis presents an interesting application of the gravitational Wilson line
operators of refs. [92,93]. Second, the calculation provides a common language for Reggeization in
6Throughout this paper, we use the term gauge theory to refer only to Abelian and non-Abelian gauge symmetries
acting on internal degrees of freedom, rather than on spacetime degrees of freedom as in gravity.
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both gauge and gravity theories, which is particularly elegant in revealing common features of the
two cases (such as the appearance of relevant quadratic Casimir operators in Regge trajectories).
Third, the Wilson line calculation ties together a number of previous results in gravity in a par-
ticularly transparent fashion, and helps to clarify some of the confusions inherent in the existing
literature (such as the interplay between the eikonal phase and Reggeization of the graviton). We
will also discuss the impact of infrared-finite corrections to the scattering amplitude, using one-
and two-loop results in a variety of supergravity theories [99–106].
The structure of the paper is as follows. In section 2, we review the approach of refs. [29, 30] to
the Regge limit in terms of Wilson lines, with some slight differences to which we draw attention.
In section 3 we carry out a similar calculation in quantum gravity, using the Wilson line operators
of refs. [92, 93], and compare the results with the QCD case. In section 4, we examine the impact
of finite terms in various supergravity theories on the interpretation of the scattering amplitude in
the Regge limit. In section 5, we apply the Wilson line approach to multigraviton scattering, for
any number of gravitons. Finally, in section 6 we discuss our results before concluding. Certain
technical details are collected in the appendices.
2 Wilson lines and Reggeization in QCD
In this section, we review the approach of refs. [29, 30] for describing the forward limit of 2 → 2
scattering in QCD in terms of a pair of Wilson lines separated by a transverse distance. Much of this
calculation is very similar to the gravity case considered in the next section, and thus examining the
QCD case first allows a detailed comparison between gauge and gravity theories. Unless otherwise
stated, we will consider the scattering of massive particles, where for convenience we assume a
common mass m. The Regge limit we consider is then given by
s −t m2. (2.1)
Note that one has to make a choice here as to how to order the scales t and m2, as is inevitable
when one introduces a mass scale. It is useful to have such a mass scale, however, especially when
we consider the gravity case.
The Regge limit corresponds to a high center-of-mass energy, with comparatively negligible mo-
mentum transfer. This corresponds to highly-forward scattering, such that the incoming particles
barely glance off each other. Using the momentum labels of figure 1, the Mandelstam invariants
are given by eq. (1.2), and momentum conservation can be expressed by eq. (1.3). It is clear that in
the forward limit the incoming particles do not recoil in the transverse direction, and thus can only
change by a phase due to their interaction. As remarked in the introduction, this suggests that one
may model the two incoming particles (together with their outgoing counterparts) by Wilson lines,
which are separated by a transverse distance ~z. The latter is a two-vector which is orthogonal to
the beam direction, corresponding to the impact parameter or distance of closest approach. This
setup is shown in figure 2. In principle we need only specify a single direction for each Wilson line.
However, it is useful to keep the notion of which part of each Wilson line is incoming and which
outgoing, and thus we keep labels for each particle as shown in the figure.
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Let us now consider the quantity7
M˜ =
∫
d2~z e−i~z·~q 〈0|Φ(p1, 0) Φ(p2, z) |0〉 , (2.2)
where we define the Wilson line operator
Φ(p, z) = P exp
[
igs p
µ
∫ ∞
−∞
dsAµ(sp+ z)
]
. (2.3)
The argument of Φ describes the contour of the Wilson line, in terms of a momentum p and a
constant off-set z. The exponent contains the non-Abelian gauge field Aµ, where the P symbol
denotes path ordering of color generators along the Wilson line contour. We then see that eq. (2.2)
involves a vacuum expectation value of two Wilson lines along directions p1 and p2, separated by
the 4-vector z. As discussed above, this separation will only have non-zero transverse components,
such that z2 = −~z2. Were this separation to be absent, the vacuum expectation value in eq. (2.2)
would correspond exactly to the Regge limit of the soft function. As is well-known, this soft func-
tion is exactly zero in dimensional regularization, as it involves cancellations between UV and IR
poles. The former are associated with shrinking gluon emissions towards the cusp formed by the
Wilson lines at the origin. The presence of the separation vector ~z thus means that the UV poles
are absent (i.e. there is then no cusp). In other words, ~z acts as a UV regulator (see ref. [29] for a
prolonged discussion of this point).
Equation (2.2) constitutes a two-dimensional Fourier transform of the Wilson line expectation value,
from position to momentum space. The two-momentum ~q is conjugate to the impact parameter ~z,
and in fact satisfies ~q2 = −t in the center-of-mass frame. This is because in the extreme forward
limit, the 4-momentum transfer
q = p1 − p3 (2.4)
(which will be conjugate to the 4-separation z) has zero light-cone components
q± =
1√
2
(q0 ± q3), (2.5)
so that q = (0, ~q, 0). Our task is now to calculate the quantity of eq. (2.2), and show that it indeed
contains known properties of the eikonal scattering amplitude.
The full set of one-loop diagrams to be calculated is shown in figure 3. In what follows, we will use
the Catani-Seymour notation Ti to denote a color generator on leg i [107,108]. Using the position
space gluon propagator (see e.g. ref. [109])
Dµν(x− y) = −ηµν Γ(d/2− 1)
4pid/2
[−(x− y)2]1−d/2 , (2.6)
in d = 4− 2 dimensions, diagram (a) gives
M (1)a =
g2sΓ(1− )µ2
4pi2−
T1 ·T2(p1 · p2)
∫ 0
−∞
ds
∫ 0
−∞
dt
[−(sp1 − tp2)2 + ~z2]−1
7Note that we use a tilde to denote the momentum-space Fourier transform of a position-space amplitude.
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Figure 3: One-loop diagrams entering the calculation of the Wilson line vacuum expectation value
of eq. (2.2).
=
g2sΓ(1− )µ2
4pi2−
T1 ·T2 cosh γ12
∫ ∞
0
ds
∫ ∞
0
dt
[−s2 − t2 + 2st cosh γ12 + ~z2]−1 , (2.7)
where p2i = m
2, the cusp angle γij is defined via
cosh γij =
pi · pj
m2
(2.8)
and in the second line of eq. (2.7) we redefined s → −s/m, t → −t/m. We also introduced the
dimensional regularization scale µ. Next, one may set s→
√
~z2s, t→
√
~z2t, followed by t→ st, so
that eq. (2.7) becomes
M (1)a =
g2sΓ(1− )
4pi2−
T1 ·T2(µ2~z2) cosh γ12
∫ ∞
0
ds
∫ ∞
0
dt s [s2(−1− t2 + 2t cosh γ12) + 1]−1
=
g2sΓ(1− )
4pi2−
T1 ·T2(µ2~z2) cosh γ12
∫ ∞
0
dt
[[
s2(−1− t2 + 2t cosh γ12) + 1
]
2(−1− t2 + 2t cosh γ12)
]∞
0
. (2.9)
We see that this result is well-defined for  < 0. This is to be expected, given that the transverse
separation ~z acts as a UV regulator, and  acts as an IR regulator, leaving
M (1)a =
g2sΓ(1− )
4pi2−
T1 ·T2(µ2~z2) 1
2
cosh γ12
∫ ∞
0
dt
1 + t2 − 2t cosh γ12 . (2.10)
Completing the square in the denominator and substituting t = u sinh γ12 + cosh γ12, one obtains
M (1)a =
g2sΓ(1− )
4pi2−
T1 ·T2(µ2~z2) 1
2
coth γ12
∫ ∞
− coth γ12
du
u2 − 1 . (2.11)
Carefully implementing the iε prescription in the propagator, one evaluates the integral to obtain∫ ∞
− coth γ12
du
u2 − 1 = ipi − γ12, (2.12)
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yielding
M (1)a =
g2sΓ(1− )
4pi2−
T1 ·T2(µ2~z2) 1
2
(ipi − γ12) coth γ12. (2.13)
The calculation of diagram (b) in figure 3 is very similar, and yields
M
(1)
b =
g2sΓ(1− )
4pi2−
T3 ·T4(µ2~z2) 1
2
(ipi − γ34) coth γ34. (2.14)
Diagrams (c) and (d) are different, because they involve the exchange of a gluon between an
incoming and outgoing leg, rather than between a pair of both ingoing (or both outgoing) legs.
It is relatively straightforward to trace the effect of this in the above calculation; the effect is to
switch the sign of the lower limit of the u integral in eq. (2.12), which then evaluates to γij . Thus
M (1)c =
g2sΓ(1− )
4pi2−
T1 ·T4(µ2~z2) 1
2
γ14 coth γ14; (2.15)
M
(1)
d =
g2sΓ(1− )
4pi2−
T2 ·T3(µ2~z2) 1
2
γ23 coth γ23. (2.16)
Diagram (e) yields
M (1)e =
g2sΓ(1− )µ2
4pi2−
T1 ·T3(p1 · p3)
∫ 0
−∞
ds
∫ ∞
0
dt
[−(sp1 − tp3)2]−1 , (2.17)
which can be obtained from eq. (2.7) by relabeling of external momenta and setting the transverse
separation ~z to zero. Setting s→ −s/m and t→ t/m, this becomes
M (1)e =
g2sΓ(1− )µ2
4pi2−
T1 ·T3 cosh γ13
∫ ∞
0
ds
∫ ∞
0
dt
[−s2 − t2 − 2st cosh γ13]−1
=
g2sΓ(1− )µ2
4pi2−
T1 ·T3 cosh γ13
∫ ∞
0
ds s2−1
∫ ∞
0
dt
[−1− t2 − 2t cosh γ13]−1 , (2.18)
where in the second line we have rescaled t → ts. One sees that the s integral contains both a
UV and an IR pole. This is to be expected, given that there is no transverse separation between
particles 1 and 3, which acted as a UV regulator in the previous diagrams. One must introduce a
counterterm for the UV pole, which amounts to keeping only the IR pole in eq. (2.18). Alternatively,
one may simply introduce a UV cutoff, and here we will use the same cutoff that we have already
used, returning to this point later. Noting that, after the various rescalings we have performed, s
has dimensions of length, we may define the s-integral above via∫ ∞
0
ds s2−1 →
∫ ∞
√
~z2
ds s2−1 = −(~z
2)
2
. (2.19)
Then eq. (2.18) becomes
M (1)e = −
g2sΓ(1− )
4pi2−
T1 ·T3(µ2~z2) 1
2
cosh γ13
∫ ∞
0
dt
[−1− t2 − 2t cosh γ13]−1 . (2.20)
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The remaining integral over t is finite as → 0, in which case it is evaluated similarly to eq. (2.10)
above to give8
M (1)e =
g2sΓ(1− )
4pi2−
T1 ·T3(µ2~z2) 1
2
γ13 coth γ13 +O(0). (2.21)
Likewise, diagram (f) gives
M
(1)
f =
g2sΓ(1− )
4pi2−
T2 ·T4(µ2~z2) 1
2
γ24 coth γ24 +O(0). (2.22)
Let us now combine all diagrams and take the Regge limit (2.1). In this limit, we have
γij = cosh
−1
(pi · pj
m2
)
−→
pi·pjm2
log
(
2pi · pj
m2
)
, (2.23)
and thus, also approximating (pi + pj)
2 ' 2pi · pj ,
γ12, γ34 → log
( s
m2
)
, γ14, γ23 → log
(
− u
m2
)
, γ13, γ24 → log
(
− t
m2
)
. (2.24)
Furthermore, in the Regge limit one has s ' −u, so that
γ12, γ34, γ14, γ23 → log
( s
m2
)
, γ13, γ24 → log
(
− t
m2
)
. (2.25)
Finally, coth(γij)→ 1, so that the Regge limit of the sum of diagrams (a)-(f) gives∑
i
M
(1)
i =
g2sΓ(1− )
4pi2−
(µ2~z2)
2
{
ipi [T1 ·T2 +T3 ·T4]
+ log
( s
m2
)
[−T1 ·T2 −T3 ·T4 +T1 ·T4 +T2 ·T3]
+ log
(
− t
m2
)
[T1 ·T3 +T2 ·T4]
}
+O(0). (2.26)
We may simplify this expression further by introducing the color operators
T2s = (T1 +T2)
2 , T2t = (T1 −T3)2 (2.27)
whose eigenstates are pure s- and t-channel exchanges, and the corresponding eigenvalue in each
case is the quadratic Casimir operator appropriate to the representation of the exchanged particle.
Using these, together with color conservation T1 +T2 = T3 +T4, we obtain
T1 ·T2 +T3 ·T4 = 1
2
[
(T1 +T2)
2 + (T3 +T4)
2 −
4∑
i=1
Ci
]
= T2s −
1
2
4∑
i=1
Ci, (2.28)
−T1 ·T2 −T3 ·T4 +T1 ·T4 +T2 ·T3 = (T1 −T3) · (T4 −T2) = T2t , (2.29)
T1 ·T3 +T2 ·T4 = −1
2
[
(T1 −T3)2 + (T2 −T4)2 −
4∑
i=1
Ci
]
= −T2t +
1
2
4∑
i=1
Ci, (2.30)
8Here and in subsequent equations, we keep an overall -dependent factor, which contributes finite terms that are
removed upon renormalizing the Wilson line correlator in the MS scheme.
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where Ci is the quadratic Casimir operator in the representation of external particle i. Using these
in eq. (2.26) yields
∑
i
M
(1)
i =
g2sΓ(1− )
4pi2−
(µ2~z2)
2
[
ipiT2s +T
2
t log
(
s
−t
)
+
1
2
(
log
(
− t
m2
)
− ipi
) 4∑
i=1
Ci
]
+O(0).
(2.31)
Note that we have not included self-energy diagrams associated with any of the incoming or out-
going particles. These would contribute constant terms which will not concern us in what follows.
Some further comments are in order regarding the above calculation, and how it differs from that
presented in refs. [29, 30]. Here, we separated the incoming and outgoing branch of each Wilson
line, and included diagrams in which a gluon is absorbed and emitted from the same line, using the
same ultraviolet cutoff as for the diagrams in which a gluon spans both Wilson lines. Had we used
a different cutoff, this would have contributed an additional logarithmic dependence, beginning
only at O(0) level. Our motivation for including the additional diagrams was so as to be able to
combine terms to generate logarithms of s/(−t), as opposed to the calculation of refs. [29,30], which
instead considers9 logarithms of s/m2. The choice made here allows us to more easily make contact
with the case of massless external particles studied in refs. [31, 32], as the mass dependence has
canceled in the color non-diagonal terms. As m→ 0, an additional (collinear) singularity appears
in eq. (2.31), here appearing as a logarithm of the mass. Were one to use dimensional regularization
to regulate both soft and collinear singularities, eq. (2.31) would have a double pole in  in the
massless limit. Because the above calculation includes soft information only, it also misses hard
collinear contributions, which appear in the full amplitude as (hard) jet functions divided by eikonal
jets [110–113]. Such contributions are irrelevant to the discussion of the Regge trajectory [31, 32],
and will not bother us in gravity, where collinear singularities are absent [91, 94]. Apart from the
different collinear regulator, and the lack of hard collinear terms, eq. (2.31) agrees with the result
found in refs. [31, 32] by taking the Regge limit of the QCD dipole formula at one loop.
Note that only the first two contributions in the square bracket of eq. (2.31) have a non-trivial
color structure when acting on the color structure of the hard interaction. The final term is color-
diagonal, involving only quadratic Casimir operators. Let us interpret the various contributions in
more detail. We know that the soft function exponentiates. Thus, we may exponentiate eq. (2.31)
to obtain
exp
{
g2sΓ(1− )
4pi2−
(µ2~z2)
2
[
ipiT2s +T
2
t log
(
s
−t
)
+
1
2
(
log
(
− t
m2
)
− ipi
) 4∑
i=1
Ci
]}
. (2.32)
In the Regge limit, the term involving log(s/ − t) dominates, and the above combination reduces
to (
s
−t
)KT2t
, K =
g2sΓ(1− )
4pi2−
(µ2~z2)
2
. (2.33)
For a Born interaction dominated by a t-channel exchange in the Regge limit (which is usually the
case), this operator acts to Reggeize the exchanged particle. That is, it leads to an amplitude with
9 References [29,30] also consider the alternative Regge limit s,m2  |t|, rather than the choice made in eq. (2.1).
The diagrams which we include here do not contribute logarithms of s/m2 in that paper, so can be neglected.
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the behavior (
s
−t
)J+KCR
, (2.34)
where CR is the quadratic Casimir associated with the exchanged particle, in representation R of
the gauge group, and J is the spin of the particle (which leads to an appropriate power of (s/− t)
in the Born amplitude).
However, there are cases in which CR = 0. An example is electron scattering in QED, in which the
Born amplitude is dominated by t-channel exchange of the photon, which has zero squared charge.
Then the ipi terms in eq. (2.32) give
exp
[
iα

(µ2~z2)
]
, α =
e2Γ(1− )
4pi1−
coth γ12, (2.35)
where e is the electron charge, and we have restored the full dependence on the cusp angle γ12 = γ34.
Since
coth γ12 = coth
[
cosh−1
(p1 · p2
m2
)]
=
s− 2m2√
s(s− 4m2) , (2.36)
one has
α =
e2
4pi
s− 2m2√
s(s− 4m2) +O(). (2.37)
Equation (2.35) constitutes the QED equivalent of the gravitational eikonal phase discussed in
ref. [84]. Expanding in  gives
exp
[
iα

(µ2~z2)
]
= exp
[
i
α

+ iα log(µ2~z2) +O()
]
= (µ2~z2)iαeiα/. (2.38)
One can then carry out the Fourier transform of eq. (2.2) to obtain (at this order)
M˜ =
∫
d2~ze−i~q·~z(µ2~z2)iαeiα/ =
4piiα
t
eiα/
( −t
4µ2
)−iα Γ(1 + iα)
Γ(1− iα) (2.39)
where we have taken a Hankel transform of order zero, and recalled that t = −~q2. This has poles
in the plane of the Mandelstam invariant s, stemming from the Γ function in the numerator i.e.
when
iα = −N, N = 1, 2, . . . (2.40)
Then eq. (2.37) implies that the physical poles of the scattering amplitude are at
s = 2m2
[
1−
(
1 +
e4
16pi2N2
)−1/2]
. (2.41)
Given that poles in s of a scattering amplitude represent bound states, eq. (2.41) represents the
spectrum of s-channel states produced in electron scattering (i.e. positronium). Indeed, the above
calculation reproduces eq. (17) of ref. [114].
In this section, we have introduced the Wilson line formalism of ref. [29] for examining the Regge
limit in QCD and QED. In particular, we have seen two effects emerge:
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• If the Born interaction is dominated by a t-channel exchange in the Regge limit, then this
particle Reggeizes at leading log order, with a trajectory which depends on the quadratic
Casimir in the appropriate representation of the gauge group.
• There is a pure phase term, the eikonal phase, which is associated with the formation of
s-channel bound states.
As is well-known, the first of these contributions arises at the Feynman diagram level from vertical
ladder graphs, and the second arises from horizontal ladder graphs. Which of these is kinematically
leading in the Regge limit depends in the present case on the squared charge of the particle being
exchanged in the t-channel. If this is non-zero, the Reggeization term dominates. If however, the
squared charge is zero (as in the case of the photon), then the eikonal phase is the dominant effect.
Things get more complicated beyond leading logarithmic order in (s/−t). One must include higher
order contributions to the soft function, as well as include the possibility of cross-talk between the
eikonal phase and Reggeization terms. This becomes especially cumbersome in QCD, due to the
fact that the color operators associated with the eikonal phase and Reggeization terms do not com-
mute. This has already been noted in refs. [31, 32], where it was identified with a lack of simple
Regge pole behavior at NNLL order.
Having seen how things work in QED and QCD, we examine the case of gravity in the following
section.
3 Wilson line approach for gravity
In the previous section, we have reviewed the Wilson line approach for examining the Regge limit
of gauge theory scattering amplitudes in some detail. The case of gravitational scattering can be
obtained quite straightforwardly from the above results. Note that we here discuss explicitly the
case of Einstein-Hilbert gravity. As we will see, this will also have features in common with super-
symmetric extensions.
Let us first recall the form10 of the gravitational Wilson line operator [92,93] (see also ref. [104])
Φg(p, z) = exp
[
i
κ
2
pµpν
∫ ∞
−∞
ds hµν(sp+ z)
]
, (3.1)
where κ =
√
32piGN in terms of Newton’s constant GN . We will use the de Donder gauge graviton
propagator11
Dµν,αβ(x−y) = Pµν,αβ Γ(d/2− 1)
4pid/2
[−(x− y)2]1−d/2 , Pµν,αβ = 1
2
(
ηµαηνβ + ηναηµβ − 2
d− 2ηµνηαβ
)
.
(3.2)
By analogy with the gauge theory case, we now wish to calculate the amplitude
M˜g =
∫
d2~z e−i~z·~q 〈0|Φg(p1, 0) Φg(p2, z) |0〉 , (3.3)
10The factor of two error in eq. (3.2) of ref. [92] has been corrected in v3.
11Note that this differs by a factor of −2 from that used in ref. [96], which can be traced to our use of κ = √32piGN
and metric (+,−,−,−) in the present paper, rather than κ = √16piGN and metric (−,+,+,+) in ref. [96].
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i.e. a pair of gravitational Wilson lines separated by a transverse distance ~z. The diagrams will be
the same as those of figure 3. Given that the denominator structure of the propagator (3.2) is the
same as that of (2.6), we do not have to recalculate any of the kinematic integrals. All that changes
in each diagram is the overall prefactor of pi · pj , obtained by contracting two eikonal Feynman
rules with the gluon propagator. In the gravity case this will be replaced by
pµi p
ν
i Pµν,αβ p
α
j p
β
j = (pi · pj)2 −
1
d− 2m
4. (3.4)
The result for diagram (a) is then
M (1)g,a = −
(κ
2
)2 Γ(1− )
4pi2−
(µ2~z2)
[
p1 · p2 − m
4
2(1− )
1
p1 · p2
]
1
2
(ipi − γ12) coth γ12. (3.5)
In the Regge limit, neglecting terms of O(m2/s,m2/t), this may be obtained from eq. (2.13) by
replacing
gs → κ
2
, Ti → pi (3.6)
and switching the overall sign. The other diagrams are similar, so the sum of gravitational diagrams
in the Regge limit may be obtained by making the replacements (as m→ 0)
gs → κ
2
, T2s → s, T2t → t, Ci → 0 (3.7)
and switching the overall sign in eq. (2.31), yielding∑
i
M
(1)
g,i = −
(κ
2
)2 Γ(1− )
4pi2−
(µ2~z2)
2
[
ipis+ t log
(
s
−t
)]
+O(0) (3.8)
where we have dropped the O(m2) terms which vanish in the Regge limit. Note that the logarithmic
dependence on the mass has completely canceled in the sum over diagrams due to the absence of
collinear divergences in gravity [91]. Thus one would expect the same result for the scattering of
strictly massless particles. Furthermore, one-loop exactness tells us that there are no perturbative
corrections to eq. (3.8).
We see that two terms occur in the soft function in the Regge limit: an ipis eikonal phase term, and
a t log(s/− t) term, which will Reggeize the graviton. Expanding eq. (3.8) in  and exponentiating
the result gives
e−ipisKg/
(
s
−t
)−Kgt/ (
µ2~z2
)−Kg [ipis+t log(s/−t)]
, Kg =
(κ
2
)2 Γ(1− )
8pi2−
. (3.9)
When acting on the Born interaction (which is O(s2)), the power-like term in (s/− t) corresponds
to Reggeization of the graviton with a trajectory
αg(t) = 2− tKg

. (3.10)
We see that the one-loop perturbative Regge trajectory in gravity is infrared singular (up to scale
logarithms), as is known to be the case in QCD and QED. However, this trajectory is linear in
13
the Mandelstam invariant t, reproducing the results of refs. [59–62, 72]. In the present approach,
however, the comparison with QCD appears in a particularly elegant fashion. As discussed in
ref. [31, 32], we expect Reggeization to occur at leading logarithmic order if the tree level inter-
action is dominated by the t-channel exchange of a particle with a non-vanishing squared charge.
The Regge trajectory is then infrared singular at one loop, and contains the quadratic Casimir
associated with the exchanged particle. Here exactly the same mechanism occurs for the graviton,
and the relevant gravitational quadratic Casimir is the squared four-momentum, which in this case
is simply the Mandelstam invariant t.
The eikonal phase term, which in QCD involved a quadratic Casimir operator for s-channel ex-
changes, now contains the Mandelstam invariant s. This in turn implies that Reggeization of the
graviton is kinematically suppressed with respect to the eikonal phase in the strict Regge limit of
s/(−t) → ∞. In Feynman diagram terms: horizontal ladders and crossed ladders (which build
up the eikonal phase as discussed in ref. [84]) win out over vertical ladders (which build up the
Reggeized graviton). Nevertheless, both effects are present and clearly show up in the Wilson line
calculation.
As has already been commented above, in hindsight we could have obtained the gravity result of
eq. (3.8) from the QCD case of eq. (2.31) without detailed calculation, by the simple replacements
of eq. (3.7). The final replacement corresponds to the setting to zero of quadratic Casimir operators
associated with the external legs, here a consequence of having considered massless particles in the
gravity case (indeed, as discussed in ref. [97], this is one way of appreciating the cancellation of
collinear divergences in gravity). The replacements (3.7) are consistent, at least in general, with
what one would expect from the double copy procedure of refs. [88–90]. In addition to the cou-
pling constant replacement, color operators are replaced by their momentum counterparts which,
in Feynman diagram language, is equivalent to the replacement of color factors by kinematic nu-
merators. The double copy was considered in more detail in this context in ref. [86], which also
discussed the relationship between shock waves in both gauge and gravity theories. The latter point
can also be understood in the language of Wilson lines, as we briefly describe in appendix A.
As in the QED case, one may carry out the Fourier transform over the impact parameter. After
substituting eq. (3.9) into eq. (3.3), one obtains (at this order)
M˜g =
−4piKge−ipisKg/
t
(
s
−t
)−Kgt/ [
ipis+ t log
(
s
−t
)]( −t
4µ2
)Kg [ipis+t log(s/−t)]
× Γ[1−Kg(ipis+ t log(s/− t))]
Γ[1 +Kg(ipis+ t log(s/− t))] . (3.11)
The ratio of Euler gamma functions no longer constitutes a pure phase. Also, it now gives rise
to cuts in the s plane, rather than poles. By standard Regge theory arguments, the high-energy
behavior of an amplitude A(s, t) is related to its analytically continued partial wave coefficients
F (t, j), where the angular momentum j has become a complex variable, by (see e.g. ref. [115])
F (t, j) =
∫ ∞
1
ds s−j−1A(s, t). (3.12)
Thus, cuts in the s-plane give rise to Regge cuts in the complex angular momentum plane. Note
that such cuts will only appear if both the Reggeization and eikonal phase term are kept, thus
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they are due to a cross-talk between these two contributions. This is consistent with the results
of refs. [31, 32], which demonstrated a breakdown of Regge pole behavior at three loop order in
QCD, associated with the presence of both a Reggeization and an eikonal phase term. This was
assumed to herald the arrival of Regge cut contributions at this order in perturbation theory. For
example, the color factor associated with the non-Regge-pole-like contribution was non-planar, and
consistent with Feynman diagrams which lead to cuts [4]. Here we see directly that cross-talk
between the eikonal phase and Reggeization terms leads to cut-like behavior. It is interesting to
remark that gravity theories provide a simpler testing ground for such ideas, lying somewhere be-
tween Abelian and non-Abelian gauge theories in terms of complication: although multi-graviton
vertices are present (unlike an Abelian gauge theory), there is no non-commuting color structure.
There may well be other problems in QCD whose conceptual structure is simplified by examining
a gravitational analogue.
If we neglect the Reggeization term, and restore full mass dependence in the eikonal phase term,
eq. (3.11) becomes
M˜g = − 4piiG(s)
t
e−iG(s)/
( −t
4µ2
)iG(s) Γ[1− iG(s)]
Γ[1 + iG(s)]
, (3.13)
where12
G(s) = GN
(
s2 − 4m2s+ 2m4√
s(s− 4m2)
)
(3.14)
which essentially agrees with the eikonal amplitude in refs. [76, 84]. The Euler gamma function
then gives rise to poles in the amplitude, corresponding to the spectrum of bound states discussed
in section IV of ref. [84].
In this section, we have seen that both a Reggeization term and an eikonal phase term are present
in gravity. However, the Regge trajectory of the graviton is linear in t, and hence the eikonal phase
dominates in the strict Regge limit. Cross-talk between the eikonal phase and Reggeization terms
is associated with Regge cut behavior.
The above analysis was carried out in Einstein-Hilbert (non-supersymmetric) gravity. However,
it also applies to the four-graviton amplitude in supergravity, if one dresses only the tree-level
hard interaction with the eikonal calculation discussed here. This is because the leading infrared
singularity at each order in perturbation theory arises from the Born amplitude dressed only by
graviton emissions between the external legs (the highest spin objects in the theory). There are no
corrections to the gravitational soft function, as dictated by one-loop exactness [91–94]. However,
subleading IR singularities (and infrared finite parts) will arise in the amplitude from higher order
contributions to the hard interaction, which are sensitive to the additional matter content, and
hence the degree of supersymmetry.
The only information that we have used about the hard interaction in the above calculation is that
the Wilson lines are separated by a transverse distance. This means that we have no control over
finite parts of the amplitude. One would think this is irrelevant to the issue of graviton Reggeization
12Note that the quantity G(s) is referred to as α(s) in ref. [84].
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at one-loop order, as the perturbative Regge trajectory is purely infrared singular at this order.
However, the finite terms do lead to complications, as we discuss in the following section.
4 Infrared-finite contributions in supergravity
In the previous sections, we have reviewed the Regge limit of QCD from a Wilson line point of
view, and applied this same reasoning to gravity. Use of this common language showed a number
of similarities between the two theories: namely the presence of both a Reggeization and eikonal
phase term, and an infrared singular Regge trajectory at one loop that contained the relevant
quadratic Casimir operator. These facts, by themselves, lead to the fact that the eikonal phase is
kinematically dominant in gravity, and subdominant in QCD. In this section, we discuss another
important difference between the QCD and gravity cases: in the latter, Reggeization is interrupted
even at one loop by the presence of double log terms of the same order in x ≡ −t/s in the infrared
finite part of the amplitude. Let us begin by considering the one-loop amplitude.
4.1 One-loop results
We here consider N = M supergravity, where 4 ≤ M ≤ 8. One-loop results were obtained in
refs. [99–101,105]. Following ref. [106], we write the one-loop four-graviton amplitude as
M(1),N=M4 =
( κ
8pi
)2(4pi e−γE µ2
|s|
){
2

[
s log(−s) + t log(−t) + u log(−u)]+ F (1),N=M4 }Mtree4 ,
(4.1)
where κ =
√
32piGN , γE is Euler’s constant, and F
(1),N=M
4 is an IR-finite contribution dependent
on the degree of supersymmetry.
The infrared-singular part of eq. (4.1), as remarked in the previous section, is universal at one-loop
order. In the physical region s > 0; t, u < 0, it is given by
M(1),N=M4
∣∣∣
IR−divergent
=
( κ
8pi
)2 2

[
s log s− ipis+ t log(−t) + u log(−u)]Mtree4 (4.2)
where log(−s) = log |s| − ipi. Setting u = −s − t, and expanding about the Regge limit s  −t,
one obtains
M(1),N=M4
∣∣∣
IR−divergent
= − κ
2
32pi2
[
ipis+ t log
(
s
−t
)
+ t+O
(
t2
s
)]
Mtree4 (4.3)
As expected, this agrees with the result (3.8) obtained from the Wilson line calculation (up to the
non-logarithmic O(t) term neglected in the latter).
Next we consider the IR-finite part of the amplitude in the Regge limit. The Regge limit corresponds
to x→ 0 with s fixed, where
x ≡ −t
s
. (4.4)
The various remainder terms F
(1)
4 for different supergravity theories are collected in the appendix
of ref. [106]. We substitute these into eq. (4.1), set u = −t− s, and keep the first two terms in the
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expansion about x = 0 to obtain (for s > 0, t < 0)
M(1),N=84 =
( κ
8pi
)2(4pi e−γE µ2
−t
){
s

[−2ipi + 2x(L+ 1)] + sx [−2L2 + 2ipiL]}Mtree4 ;
M(1),N=64 =
( κ
8pi
)2(4pi e−γE µ2
−t
){
s

[−2ipi + 2x(L+ 1)] + sx [−L2 + 2ipiL+ pi2]}Mtree4 ;
M(1),N=54 =
( κ
8pi
)2(4pi e−γE µ2
−t
){
s

[−2ipi + 2x(L+ 1)] + sx
[
−L
2
2
+ 2ipiL+
3pi2
2
]}
Mtree4 ;
M(1),N=44 =
( κ
8pi
)2(4pi e−γE µ2
−t
){
s

[−2ipi + 2x(L+ 1)] + sx [2piiL− L+ 2pi2 + 1]}Mtree4 ,
(4.5)
where for convenience we define L = log(s/− t). These results may be compactly summarized as
M(1),N=M4 =
( κ
8pi
)2(4pi e−γE µ2
−t
){
s

[−2ipi + 2xL+ 2x]
+ sx
[(
4−M
2
)
L2 +
(
8−M
2
)
pi2 + 2ipiL+ δM4(1− L)
]
+O(sx2) +O()
}
Mtree4 ,
(4.6)
which makes clear the dependence on the degree of supersymmetry M .
The first two terms in the infrared-singular part of eq. (4.6), as discussed at length in the previous
section, correspond to the eikonal phase and Reggeization of the graviton respectively, where the
latter is kinematically suppressed (O(x) in the present notation). However, the first term of the
infrared-finite part contains the double log contribution (ignoring prefactors)
sx
(
4−M
2
)
L2 =
(
M − 4
2
)
t log2
(
s
−t
)
(4.7)
as observed in ref. [85]. This does not correspond to Reggeization of the graviton which, as we have
already seen, is purely infrared singular at this order and can involve only a single log. Nevertheless,
the double logarithmic contribution is of the same order (linear in x) as the Reggeization term,
and in fact superleading (logarithmically in x) with respect to the Regge logs. The fact that the
coefficient of the double logarithmic contribution is sensitive to the additional matter content of the
theory (via the degree of supersymmetry M) tells us that one is not sensitive to this contribution
in the Wilson line approach, which picks up only graviton-related contributions at one loop (this
also explains why the double log is in the infrared finite part).
Another way to see that the double logs at one loop are not associated with Reggeization is to
examine their origin in terms of the Feynman diagrams contributing to the amplitude. Taking the
example of N = 8 supergravity, the one-loop amplitude may be written as [102]
M(1),N=84 = −i
(κ
2
)2
stu
[
I(1)4 (s, t) + I(1)4 (t, u) + I(1)4 (s, u)
]
Mtree4 , (4.8)
where
I(1)4 (s, t) = µ4−d
∫
ddk
(2pi)d
1
k2 (k − p2)2 (k − p2 − p1)2 (k + p4)2 (4.9)
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Figure 4: Diagrams contributing to the one-loop four-graviton amplitude in N = 8 supergravity.
is the first scalar box integral shown in figure 4. The terms I(1)4 (t, u) and I(1)4 (s, u) then correspond
to the second and third box diagrams in the figure. The result for the integral may be written [116]
I(1)4 (s, t) =
ie−γE (4pi)−2
st
{
4
2
− 2

log
(−s
µ2
)
− 2

log
(−t
µ2
)
+ 2 log
(−s
µ2
)
log
(−t
µ2
)
− 4pi
2
3
+O()
}
(4.10)
in d = 4−2 dimensions in the region s, t < 0. From this result, we see that the double logarithmic
contribution comes from I(1)4 (s, u), corresponding to the third diagram in figure 4. This is neither
a ladder nor a crossed ladder, and thus is responsible neither for the eikonal phase, nor for the
Reggeization of the graviton.
The question then arises how to interpret the additional double logarithmic contributions, and
whether or not they exponentiate. This has been discussed in ref. [85], which argues for two
sources of double logarithms. The first is from ladder contributions, including infrared-finite effects
of the graviton Regge trajectory [59–61]. The second is that backward-scattering contributions are
important at this order in t/(−s), an observation corroborated by the fact that such contributions
arise from the dressed u-channel diagram, the third in fig. 4. The authors of ref. [85] write an
evolution equation for the leading partial wave contributing to the amplitude in the limit in which
double logarithms are important, whose solution is argued to resum these contributions. Note,
however, that such contributions become more and more kinematically suppressed at higher orders
in perturbation theory, giving rise to terms[
κ2t log2
(
s
−t
)]n
∼ κ2nsnxnL2n, (4.11)
which are O(xn).
4.2 Two-loop results
In the previous section, we have seen that the interpretation of Reggeization of the graviton is
interrupted at one-loop order by the presence of double logarithmic contributions in the infrared
finite part of the amplitude, which are the same order in t/s as the Reggeization terms. This
motivates an examination of the four-graviton amplitude at two loops, with a view to seeing which
structures exponentiate, and which do not.
Following ref. [106], we write the two-loop amplitude as
M(2),N=M4 ()
Mtree4
=
1
2
[
M(1),N=M4 ()
Mtree4
]2
+
( κ
8pi
)4
F
(2),N=M
4 +O(), (4.12)
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where the IR-finite remainder function F
(2),N=M
4 corresponds to the part of the two-loop result
that is not generated by exponentiation of the one-loop result13. The remainder function for
N = 8 supergravity was computed in refs. [103, 104] using the results of refs. [102, 117, 118], and
for N = M < 8 supergravity in ref. [106]. Again defining x = −t/s and expanding about the
Regge limit x→ 0 (keeping terms up to linear in x), one finds that the behavior of each remainder
function is
F
(2),N=8
4 = s
2x
{
− 2pi2 log2 x− 4pi2 log x+ pi4 + 4pi2
+ ipi
[
4
3
log3 x+ 4 log2 x−
(
8 +
8pi2
3
)
log x+ 16ζ3 +
8pi2
3
+ 8
]}
+ · · · (4.13)
F
(2),N=6
4 = s
2x
{
− 2pi2 log2 x− 4pi2 log x+ 59pi
4
90
+ 4pi2
+ ipi
[
2
3
log3 x+ 4 log2 x−
(
8 +
6pi2
3
)
log x+ 4ζ3 +
16pi2
3
+ 8
]}
+ · · · (4.14)
F
(2),N=5
4 = s
2x
{
− 2pi2 log2 x− 4pi2 log x+ 2pi
4
3
+ 4pi2
+ ipi
[
1
3
log3 x+ 4 log2 x−
(
8 +
5pi2
3
)
log x+ 4ζ3 +
20pi2
3
+ 8
]}
+ · · · (4.15)
F
(2),N=4
4 = s
2x
{
− 2pi2 log2 x− 4pi2 log x+ 13pi
4
30
+
22pi2
3
− 1
+ ipi
[
3 log2 x−
(
14 +
4pi2
3
)
log x− 4ζ3 + 71pi
2
9
+
32
3
]}
+ · · · . (4.16)
Note that the IR-finite remainder functions vanish in the strict Regge limit x→ 0. This is because
the amplitude in this limit is dominated by the eikonal phase dressing the tree-level result. The
eikonal phase contribution exponentiates (at least) up to this order, and thus the remainder must
vanish in the limit.
One may summarize the logarithmic terms of the remainder function, for general M , as
F
(2),N=M
4 = s
2x
{
− 2pi2 log2 x− 4pi2 log x
+ ipi
[(
M − 4
3
)
log3 x+ (4− δM4) log2 x−
(
8 +
Mpi2
3
+ 6δM4
)
log x
]}
+ · · ·
(4.17)
where, as in the one-loop amplitude, M = 4 is a somewhat exceptional case, due presumably to
the decreasing amount of supersymmetry as one counts down from M = 8. In both the one- and
two-loop amplitudes, a number of terms are independent of M , and thus are common to all the
supergravity theories considered here. Such terms presumably arise from finite contributions in-
volving the graviton alone. At two loops such contributions would be ultraviolet divergent in pure
Einstein-Hilbert gravity. Here, the results are made finite by the additional matter content of the
13As the notation in eq. (4.12) suggests, in constructing the remainder one must be mindful of terms generated due
to the cross-talk between O() and O(−1) terms when squaring the one-loop result.
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various supergravities.
In eqs. (4.13-4.16), we have not displayed terms of O(s2x2), but as noted in ref. [85], the remainder
function can contain quartic logarithms at this order
F
(2),N=M
4 = · · · + cMs2x2 log4
(
s
−t
)
+ · · · , where

c8 = −13
c6 = 0
c5 =
1
24
c4 = 0
(4.18)
showing that, for M = 5 and M = 8, the one-loop double logarithmic terms do not formally
exponentiate. The authors of ref. [85] argue that these terms can be resummed to all orders. In
any case, eq. (4.17) makes clear that there is a more dominant source of IR-finite corrections at
two-loop order, namely those which are O(s2x).
These O(s2x) terms also threaten a simple interpretation of Reggeization at this order, as they
introduce a dependence on s/(−t) which is kinematically enhanced relative to the Reggeization
of the graviton at this order. It is interesting to ponder whether any of the terms in the above
remainders can be shown to exponentiate, or be resummable in some other form. It is known, for
example, that t/(−s) corrections to the eikonal phase should come into play in describing black-hole
formation [75, 80]. That such features are suppressed in this manner is partly due to the fact that
they are not described by the eikonal approximation, which reproduces the bound states associated
with only the perturbative (Coulomb-like) part of the gravitational potential. Black holes should
be associated with non-perturbative dynamics, as discussed in ref. [84].
Because the two-loop remainder functions vanish in the strict Regge limit x → 0 for arbitrary
degrees of supersymmetry, the four-graviton scattering amplitude is reproduced exactly in this
limit by the exponentiation of the one-loop result at two-loop order. One may wonder whether this
remains true at higher orders. To this end, it is interesting to note that the eikonal result itself
does not satisfy this requirement at three-loop order and beyond. To see this, note that the ratio
of Euler gamma functions in eq. (3.13) can be expanded to give
Γ[1− iG]
Γ[1 + iG]
= e2iγEG
[
1 +
i
3
Ψ(2)(1)G3 +O(G4)
]
, (4.19)
where Ψ(n)(x) is the nth derivative of the digamma function
Ψ(x) =
d
dx
log Γ(x). (4.20)
Equation (4.19) does not have a purely exponential form, and shows that one-loop exactness of
the Regge limit of the amplitude may be broken at three-loop level and beyond by infrared-finite
contributions. This is not a firm conclusion, given that there may be infrared-finite corrections
to the amplitude which are not captured by the eikonal approximation which leads to eq. (4.19).
However, the ratio of gamma functions resums contributions of known physical origin (the formation
of bound states in the s-channel), and so presumably describes genuine behavior to all orders in
perturbation theory.
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Figure 5: A general L-parton scattering process in the MRK limit, consisting of strongly ordered
rapidities in the final state. Here Tti is a quadratic Casimir operator associated with a given strut
of the ladder.
5 The Regge limit of multigraviton amplitudes
In previous sections, we have considered the four-graviton scattering amplitude, consisting of 2→ 2
scattering dressed by virtual graviton exchanges. The Regge limit has also been widely studied for
the case of general L-point scattering, with L > 4 (for a pedagogical review in a QCD context, see
ref. [119]). This was studied from an infrared point of view in refs. [31, 32], which confirmed the
result that in the high energy limit, scattering is dominated by multiple t-channel exchanges, as
shown in figure 5, where each strut of the ladder is dressed by a Reggeized propagator involving
the relevant quadratic Casimir for the exchanged object.
Given the results of section 3 for the 2 → 2 scattering in gravity, it is instructive to examine the
high energy limit of multigraviton scattering using the Wilson line approach. As for the four-point
amplitude, this provides an interesting comparative study with respect to non-Abelian gauge the-
ory. Furthermore, it is useful to clarify the role of the eikonal phase in this context.
First, let us briefly review the QCD case, differing from refs. [31, 32] in that we use a Wilson line
calculation, rather than the dipole formula [33–35] as a starting point. We will consider massive
particles, keeping a massm only when regulating collinear singularities (as is done in e.g. eq. (2.26)).
For ease of comparison with refs. [31,32] (and also for the sake of brevity in the following formulae),
we will reverse the sign of the color generators associated with the incoming legs i.e. T1,2 → −T1,2.
Treating each external leg of the amplitude as a separate Wilson line, the set of all contributing
one-loop diagrams consists of gluon emissions between pairs of external lines. From eq. (2.26), one
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infers that the sum of these diagrams gives (including the color adjustment mentioned above)
M
(1)
L =
g2sΓ(1− )
4pi2−
(µ2 Λ2UV )

2
ipi
T1 ·T2 + L−1∑
i=3
∑
j>i
Ti ·Tj
−T1 ·T2 log ( s
m2
)
−
L−1∑
i=3
∑
i>j
Ti ·Tj log
( sij
m2
)
−
L∑
i=3
[
T1 ·Ti log
(
− s1i
m2
)
+T2 ·Ti log
(
− s2i
m2
)] , (5.1)
where
s = (p1 + p2)
2, sij = (pi + pj)
2, s1i = (p1 − pi)2, s2i = (p2 − pi)2; i, j > 3, (5.2)
and Λ2UV is an ultraviolet regulator, which we have chosen to be the same for all diagrams. We
may now use the fact that the high energy limit of multiparton scattering corresponds to the multi-
Regge-kinematic (MRK) regime in which the outgoing particles are widely separated in rapidity.
One may then replace the various invariants appearing in eq. (5.1) with (see e.g. ref. [119])
s ' |k3⊥| |kL⊥|ey3−yL ,
−s1i ' |k3⊥| |ki⊥|ey3−yi ,
−s2i ' |kL⊥| |ki⊥|eyL−yi ,
sij ' |ki⊥| |kj⊥|eyi−yj , 3 ≤ i < j ≤ L, (5.3)
where yi and ki⊥ are the rapidity and transverse momentum of parton i respectively. Furthermore,
given that the separation between all pairs of consecutive final state particles is asymptotically
approaching infinity, this suggests that one may identify the common ultraviolet cutoff (motivated
by the 2→ 2 case) with the impact parameter ~z corresponding to the distance of closest approach
of the incoming particles. In any case, different cutoff choices will not affect the infrared behavior,
only contributing additional logarithms in the infrared finite part of eq. (5.1).
Substituting eq. (5.3) into eq. (5.1), one may rewrite the latter as
M
(1)
L =
g2sΓ(1− )
4pi2−
(µ2 ~z2)
2
−
L−1∑
i=1
∑
j>i
|yi − yj |Ti ·Tj + ipi
T1 ·T2 + L−1∑
i=3
∑
j>i
Ti ·Tj

+
L∑
i=1
Ci log
( |ki⊥|
m
)}
, (5.4)
where Ci = T
2
i is the quadratic Casimir in the representation of leg i, and we made repeated use
of the color conservation equation
L∑
i=1
Ti = 0. (5.5)
Also in eq. (5.4), we have introduced the (unphysical) rapidities y1 ≡ y3, y2 ≡ yL, in order to
simplify the notation. Introducing the s-channel quadratic Casimir
T2s = (T1 +T2)
2 =
(
L∑
i=3
Ti
)2
, (5.6)
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one may also write eq. (5.4) as
M
(1)
L =
g2sΓ(1− )
4pi2−
(µ2 ~z2)
2
−
L−1∑
i=1
∑
j>i
|yi − yj |Ti ·Tj + ipiT2s +
L∑
i=1
Ci
[
log
( |ki⊥|
m
)
− ipi
2
] .
(5.7)
One may now use the identity, proven in ref. [32],
L−1∑
i=1
∑
j>i
|yi − yj |Ti ·Tj = −
L−1∑
k=3
T2tk−2∆yk, (5.8)
where Tti is a quadratic Casimir operator for a given strut of the t-channel ladder in figure 5, and
∆yk = yk − yk+1 the associated rapidity difference. Equation (5.7) then becomes
M
(1)
L =
g2sΓ(1− )
4pi2−
(µ2 ~z2)
2
{
L−1∑
k=3
T2tk−2∆yk + ipiT
2
s +
L∑
i=1
Ci
[
log
( |ki⊥|
m
)
− ipi
2
]}
, (5.9)
which differs from the result in refs. [31, 32] owing to the use of a mass regulator for collinear
singularities adopted here. As usual, one may exponentiate the one-loop soft function to obtain
exp
{
g2sΓ(1− )
4pi2−
(µ2 ~z2)
2
{
L−1∑
k=3
T2tk−2∆yk + ipiT
2
s +
L∑
i=1
Ci
[
log
( |ki⊥|
m
)
− ipi
2
]}}
, (5.10)
which acts on the hard interaction consisting of L-point scattering undressed by virtual emissions.
The leading high energy behavior (corresponding to leading logarithms in rapidity) is given by the
first term in the exponent acting on the hard function, and produces a tower of Reggeized gluon
exchanges, each dressed by the appropriate quadratic Casimir. The analysis is in fact more general
than this - even if the struts of the ladder have different exchanges, each will Reggeize separately
given that the t-channel operators for different struts commute with each other [32]. Note that
an eikonal phase term remains present, weighted as in the 2 → 2 case by the quadratic Casimir
operator for s-channel exchanges. This has the same physical meaning in the present context - it
is associated with the formation of s-channel bound states.
Having reviewed the QCD case, let us now return to gravity. As may be confirmed by more detailed
calculation, the latter case is easily obtained from the former using the replacements of eq. (3.7),
so that the exponentiated gravitational soft function is
exp
{
−
(κ
2
)2 Γ(1− )
4pi2−
(µ2 ~z2)
2
[
L−1∑
k=3
tk−2∆yk + ipis
]}
. (5.11)
Here tk is the squared momentum transfer flowing in the k
th strut of the ladder, as labeled in fig-
ure 5. Here one sees a similar story to the QCD case, namely the presence of both a Reggeization
and an eikonal phase term. The former is now itself a series of terms, each of which Reggeizes the
graviton in a given strut of the ladder. However, as in the 2 → 2 case, the Reggeization term in
gravity involves the squared momentum transfer by virtue of its being the appropriate quadratic
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Casimir, and thus is kinematically subleading in the strict Regge limit of s/|t| → ∞. Thus, multi-
graviton scattering for any number of gravitons is dominated by the eikonal phase term, hinting at
the production of bound states in the s-channel.
It would be interesting to consider the impact of infrared finite corrections on this result. By
analogy with the four point amplitude, one would expect additional logarithms to appear in the
finite part, which disrupt the interpretation of graviton Reggeization. It is worth noting here also
that the Regge limit of multiparticle scattering has been widely investigated in the context of the
BDS conjecture [116], an all-order ansatz for the form of planar amplitudes in N = 4 super-Yang-
Mills theory. This conjecture is known to break down for six-point amplitudes at two loops, as
first shown by considering the Regge limit in an unphysical region [120]. One might expect similar
structures to occur in (super)-gravity theories, using double copy [88–90] considerations.
6 Conclusions
In this paper, we have considered the Regge limit of gravity from a Wilson line point of view,
adopting an approach first used for Abelian and non-Abelian gauge theories [29, 30]. Our motiva-
tion was to provide a common way of looking at Reggeization in different theories, and to clarify
the role of graviton Reggeization as presented in the literature.
The Wilson line approach reveals the presence of both an eikonal phase and a Reggeization term in
the soft function at one-loop, where the former is associated with the formation of s-channel bound
states due to the perturbative part of the potential. In QCD, the Reggeization term dominates at
leading logarithmic order, leading to automatic Reggeization of arbitrary t-channel exchanges, as
discussed in refs. [31,32], where the Regge trajectory is purely infrared singular at one-loop order,
and involves the quadratic Casimir operator associated with a given t-channel exchange. Beyond
this logarithmic order, cross-talk occurs between the two contributions, leading to a breakdown
of simple Regge pole behavior. The situation is further complicated in QCD, even for the purely
infrared singular parts of the amplitude, by the presence of corrections to the exponent of the soft
function.
Our gravity calculation used the Wilson line operators of refs. [92,93], and confirmed the presence
of both an eikonal phase and Reggeization term at one-loop in gravity. Here the soft function is
one-loop exact, receiving no perturbative corrections in the exponent [91–94]. The eikonal phase
and Regge trajectory, as expected from the QCD calculation, contain quadratic Casimir operators
associated with s- and t-channel exchanges. In the gravity case, these are the Mandelstam invari-
ants s and t themselves, and thus one finds a particularly elegant explanation for the fact that
the gravitational Regge trajectory is linear in t, and thus kinematically-subleading in the Regge
limit with respect to the eikonal phase ipis. We saw that cross-talk between the two contributions
leads to Regge cut behavior, clarifying the QCD discussion of refs. [31, 32]. We also examined
Reggeization in multigraviton scattering, finding again that graviton Reggeization is sub-dominant
with respect to the eikonal phase.
The story of Reggeization in gravity is further complicated, even at one-loop order, by the presence
of IR-finite log2 s contributions. Such double-log terms arise in explicit one-loop calculations in
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N = 5, N = 6, and N = 8 supergravity [85]. Although these terms are kinematically-suppressed
with respect to the eikonal phase term, they are of the same order as the Reggeization term and
therefore mix with the Reggeization of the graviton.
Using known results for the two-loop amplitude in in N = 4, N = 5, N = 6, and N = 8 supergrav-
ity, we computed the Regge limit of the two-loop contribution to the logarithm of the amplitude,
which measures the failure of the one-loop result to exponentiate. These correction terms are
of O(st) and therefore kinematically-subleading with respect to the O(s2) exponentiation of the
eikonal phase (and hence vanish in the strict Regge limit). They are, however, kinematically-
superleading with respect to the O(t2) exponentiation of the one-loop Reggeization term and also
with respect to the O(t2 log4 s) terms computed in ref. [85].
Although the strict Regge limit of the two-loop amplitude was shown to be one-loop-exact for
N ≥ 4 supergravity, it remains an open question whether this continues to hold at three loops and
beyond, i.e. whether the strict Regge limit of the L-loop result is given by the exponential of the
one-loop eikonal phase. The resolution of this question awaits the evaluation of the contributing
non-planar integrals.
It is fair to say that the higher-loop contributions to the Regge limit of gravity are still not fully
understood. Investigation of these contributions in more detail may shed light on a number of
unresolved issues in quantum gravity, including issues of black hole formation and unitarity (see
e.g. refs. [75, 82,83] and references therein).
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A Wilson lines and shockwaves
The authors of ref. [86] examined the Regge limit of quantum gravity from the point of view of the
double copy procedure of refs. [88–90], which posits that gravitational scattering amplitudes can
be obtained from gauge theory counterparts, by replacements of kinematic numerators by color
factors (together with relevant coupling constants). That paper also pointed out that shockwave
solutions - namely gauge field configurations corresponding to a single massless particle - can also
be related by the double copy. In this appendix, we briefly state how shockwaves are connected to
the Wilson line language.
Consider first a QED Wilson line operator
exp
[
ie
∫
dxµAµ(x)
]
, (A.1)
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with the contour chosen to be the classical straight-line trajectory of a hard emitting particle
xµ = uµτ, (A.2)
where τ is a parameter along the contour (with units of length), and uµ = pµ/E the 4-velocity of a
massless particle with energy E. We may rewrite eq. (A.1) in terms of a current density sourcing
the gauge field, by introducing a three-dimensional delta function as follows:
exp
[
ie
∫
dxµAµ(x)
]
= exp
[
ieuµ
∫
d4x δ(3)(~x)Aµ(x)
]
≡ exp
[
−i
∫
d4xjµ(x)Aµ(x)
]
, (A.3)
where
δ(3)(~x) = δ(z − t)δ(x)δ(y), (A.4)
and without loss of generality we have taken the Wilson line to be in the +z direction. We then
see that the current due to the Wilson line operator is
jµ = −euµδ(z − t)δ(x)δ(y). (A.5)
As pointed out in ref. [86], this is precisely the source that gives rise to a QED shockwave, upon
solving the field equations for the gauge field Aµ(x).
A similar argument may be made for gravity, and one starts by rewriting the Wilson line operator
of eq. (3.1) as14
exp
[
i
κ
2
pµ
∫
dxµhµν(x)
]
= exp
[
i
κ
2
Euµ uν
∫
d4xδ(3)(~x)hµν(x)
]
= exp
[
−i
∫
d4xjµν(x)hµν(x)
]
.
(A.6)
We recognize the source current in this case as
jµν(x) = −κ
2
Euµ uνδ(z − t)δ(x)δ(y) ≡ −κ
2
Tµν , (A.7)
where we have introduced the conventional energy-momentum tensor in the last term. This can
be recognized as the energy-momentum tensor for a massless particle quoted in ref. [86], so that
solution of the field equations for hµν(x) gives the Aichelberg-Sexl (shockwave) metric.
14Strictly speaking, in gravity there should be factors of
√−g in the volume measure, where g is the determinant
of the metric tensor. However, these can be ignored in eq. (A.6) due to the fact that we are only expanding to first
order in the graviton field.
26
References
[1] P. D. B. Collins, An Introduction to Regge Theory and High-Energy Physics, Cambridge
1977, 445p.
[2] R. J. Eden, P. V. Landshoff, D. I. Olive, and J. C. Polkinghorne, The Analytic S-Matrix,
Cambridge 2002, 296p.
[3] V. N. Gribov, The Theory of Complex Angular Momenta: Gribov Lectures on Theoretical
Physics, Cambridge 2003, 310p.
[4] S. Mandelstam, “Non-Regge Terms in the Vector-Spinor Theory,” Phys. Rev. 137 (1965)
B949–B954.
[5] E. Abers and V. L. Teplitz, “Kinematic Constraints, Crossing, and the Reggeization of
Scattering Amplitudes,” Phys. Rev. 158 (1967) 1365–1376.
[6] B. M. McCoy and T. T. Wu, “Theory of Fermion Exchange in Massive Quantum
Electrodynamics at High-Energy. I,” Phys. Rev. D13 (1976) 369–378.
[7] G. V. Frolov, V. N. Gribov, and L. N. Lipatov, “On Regge poles in quantum
electrodynamics,” Phys. Lett. B31 (1970) 34.
[8] V. N. Gribov, L. N. Lipatov, and G. V. Frolov, “The leading singularity in the j plane in
quantum electrodynamics,” Sov. J. Nucl. Phys. 12 (1971) 543.
[9] H. Cheng and T. T. Wu, “High-energy collision processes in quantum electrodynamics. I,”
Phys. Rev. 182 (1969) 1852–1867.
[10] I. I. Balitsky, L. N. Lipatov, and V. S. Fadin, “Regge processes in nonabelian gauge theories
(in Russian),” in Proceedings, Physics Of Elementary Particles, Leningrad 1979, 109-149.
[11] A. V. Bogdan and V. S. Fadin, “A proof of the Reggeized form of amplitudes with quark
exchanges,” Nucl. Phys. B740 (2006) 36–57, hep-ph/0601117.
[12] L. Tyburski, “Reggeization of the Fermion-Fermion Scattering Amplitude in Nonabelian
Gauge Theories,” Phys. Rev. D13 (1976) 1107.
[13] L. N. Lipatov, “Reggeization of the Vector Meson and the Vacuum Singularity in
Nonabelian Gauge Theories,” Sov. J. Nucl. Phys. 23 (1976) 338–345.
[14] A. L. Mason, “Radiation Gauge Calculation of High-Energy Scattering Amplitudes,” Nucl.
Phys. B120 (1977) 275.
[15] H. Cheng and C. Y. Lo, “High-Energy Amplitudes of Yang-Mills Theory in Arbitrary
Perturbative Orders. I,” Phys. Rev. D15 (1977) 2959.
[16] V. S. Fadin, E. A. Kuraev, and L. N. Lipatov, “On the Pomeranchuk Singularity in
Asymptotically Free Theories,” Phys. Lett. B60 (1975) 50–52.
[17] E. A. Kuraev, L. N. Lipatov, and V. S. Fadin, “The Pomeranchuk Singularity in Nonabelian
Gauge Theories,” Sov. Phys. JETP 45 (1977) 199–204.
27
[18] E. A. Kuraev, L. N. Lipatov, and V. S. Fadin, “Multi-Reggeon Processes in the Yang-Mills
Theory,” Sov. Phys. JETP 44 (1976) 443–450.
[19] A. L. Mason, “Factorization and Hence Reggeization in Yang-Mills Theories,” Nucl. Phys.
B117 (1976) 493.
[20] A. Sen, “Asymptotic Behavior of the Fermion and Gluon Exchange Amplitudes in Massive
Quantum Electrodynamics in the Regge Limit,” Phys. Rev. D27 (1983) 2997.
[21] V. S. Fadin and V. E. Sherman, “Processes Involving Fermion Exchange in Nonabelian
Gauge Theories,” Zh. Eksp. Teor. Fiz. 72 (1977) 1640–1658.
[22] V. S. Fadin, M. I. Kotsky, and R. Fiore, “Gluon Reggeization in QCD in the next-to-leading
order,” Phys. Lett. B359 (1995) 181–188.
[23] V. S. Fadin, R. Fiore, and M. I. Kotsky, “Gluon Regge trajectory in the two-loop
approximation,” Phys. Lett. B387 (1996) 593–602, hep-ph/9605357.
[24] V. S. Fadin, R. Fiore, and A. Quartarolo, “Reggeization of quark quark scattering
amplitude in QCD,” Phys. Rev. D53 (1996) 2729–2741, hep-ph/9506432.
[25] J. Blumlein, V. Ravindran, and W. L. van Neerven, “On the gluon Regge trajectory in
O(α2s),” Phys. Rev. D58 (1998) 091502, hep-ph/9806357.
[26] V. Del Duca and E. W. N. Glover, “The high energy limit of QCD at two loops,” JHEP 10
(2001) 035, hep-ph/0109028.
[27] A. V. Bogdan, V. Del Duca, V. S. Fadin, and E. W. N. Glover, “The quark Regge
trajectory at two loops,” JHEP 03 (2002) 032, hep-ph/0201240.
[28] V. S. Fadin, R. Fiore, M. G. Kozlov, and A. V. Reznichenko, “Proof of the multi-Regge
form of QCD amplitudes with gluon exchanges in the NLA,” Phys. Lett. B639 (2006)
74–81, hep-ph/0602006.
[29] I. Korchemskaya and G. Korchemsky, “High-energy scattering in QCD and cross
singularities of Wilson loops,” Nucl.Phys. B437 (1995) 127–162, hep-ph/9409446.
[30] I. A. Korchemskaya and G. P. Korchemsky, “Evolution equation for gluon Regge
trajectory,” Phys. Lett. B387 (1996) 346–354, hep-ph/9607229.
[31] V. Del Duca, C. Duhr, E. Gardi, L. Magnea, and C. D. White, “An infrared approach to
Reggeization,” Phys.Rev. D85 (2012) 071104, 1108.5947.
[32] V. Del Duca, C. Duhr, E. Gardi, L. Magnea, and C. D. White, “The Infrared structure of
gauge theory amplitudes in the high-energy limit,” JHEP 1112 (2011) 021, 1109.3581.
[33] E. Gardi and L. Magnea, “Factorization constraints for soft anomalous dimensions in QCD
scattering amplitudes,” JHEP 0903 (2009) 079, 0901.1091.
[34] T. Becher and M. Neubert, “Infrared singularities of scattering amplitudes in perturbative
QCD,” Phys. Rev. Lett. 102 (2009) 162001, 0901.0722.
28
[35] T. Becher and M. Neubert, “On the Structure of Infrared Singularities of Gauge-Theory
Amplitudes,” JHEP 06 (2009) 081, 0903.1126.
[36] G. F. Sterman and M. E. Tejeda-Yeomans, “Multiloop amplitudes and resummation,”
Phys.Lett. B552 (2003) 48–56, hep-ph/0210130.
[37] S. M. Aybat, L. J. Dixon, and G. F. Sterman, “The Two-loop anomalous dimension matrix
for soft gluon exchange,” Phys.Rev.Lett. 97 (2006) 072001, hep-ph/0606254.
[38] S. M. Aybat, L. J. Dixon, and G. F. Sterman, “The Two-loop soft anomalous dimension
matrix and resummation at next-to-next-to leading pole,” Phys.Rev. D74 (2006) 074004,
hep-ph/0607309.
[39] S. Catani, D. de Florian, and G. Rodrigo, “Space-like (versus time-like) collinear limits in
QCD: Is factorization violated?” JHEP 1207 (2012) 026, 1112.4405.
[40] S. Catani, D. de Florian, and G. Rodrigo, “Factorization violation in the multiparton
collinear limit,” PoS LL2012 (2012) 035, 1211.7274.
[41] J. R. Forshaw, M. H. Seymour, and A. Siodmok, “On the Breaking of Collinear
Factorization in QCD,” JHEP 1211 (2012) 066, 1206.6363.
[42] V. Del Duca and E. W. N. Glover, “Testing high-energy factorization beyond the next-to-
leading-logarithmic accuracy,” JHEP 05 (2008) 056, 0802.4445.
[43] J. Bartels and C. Bontus, “An Estimate of twist four contributions at small xB and low
Q2,” Phys.Rev. D61 (2000) 034009, hep-ph/9906308.
[44] T. Becher and M. Neubert, “Infrared singularities of QCD amplitudes with massive
partons,” Phys. Rev. D79 (2009) 125004, 0904.1021.
[45] A. Ferroglia, M. Neubert, B. D. Pecjak, and L. L. Yang, “Two-loop divergences of
scattering amplitudes with massive partons,” Phys.Rev.Lett. 103 (2009) 201601, 0907.4791.
[46] A. Ferroglia, M. Neubert, B. D. Pecjak, and L. L. Yang, “Two-loop divergences of massive
scattering amplitudes in non-abelian gauge theories,” JHEP 0911 (2009) 062, 0908.3676.
[47] L. J. Dixon, E. Gardi, and L. Magnea, “On soft singularities at three loops and beyond,”
JHEP 1002 (2010) 081, 0910.3653.
[48] L. Vernazza, “Analysis of the Anomalous-Dimension Matrix of n-jet Operators at 4 Loops,”
PoS EPS-HEP2011 (2011) 284, 1112.3375.
[49] V. Ahrens, M. Neubert, and L. Vernazza, “Structure of Infrared Singularities of
Gauge-Theory Amplitudes at Three and Four Loops,” JHEP 1209 (2012) 138, 1208.4847.
[50] S. G. Naculich, H. Nastase, and H. J. Schnitzer, “All-loop infrared-divergent behavior of
most-subleading-color gauge-theory amplitudes,” JHEP 1304 (2013) 114, 1301.2234.
[51] E. Laenen, G. Stavenga, and C. D. White, “Path integral approach to eikonal and
next-to-eikonal exponentiation,” JHEP 0903 (2009) 054, 0811.2067.
29
[52] A. Mitov, G. Sterman, and I. Sung, “Diagrammatic Exponentiation for Products of Wilson
Lines,” Phys.Rev. D82 (2010) 096010, 1008.0099.
[53] Y.-T. Chien, M. D. Schwartz, D. Simmons-Duffin, and I. W. Stewart, “Jet Physics from
Static Charges in AdS,” Phys.Rev. D85 (2012) 045010, 1109.6010.
[54] E. Gardi, E. Laenen, G. Stavenga, and C. D. White, “Webs in multiparton scattering using
the replica trick,” JHEP 1011 (2010) 155, 1008.0098.
[55] E. Gardi and C. D. White, “General properties of multiparton webs: Proofs from
combinatorics,” JHEP 1103 (2011) 079, 1102.0756.
[56] E. Gardi, J. M. Smillie, and C. D. White, “On the renormalization of multiparton webs,”
JHEP 1109 (2011) 114, 1108.1357.
[57] E. Gardi, J. M. Smillie, and C. D. White, “The Non-Abelian Exponentiation theorem for
multiple Wilson lines,” 1304.7040.
[58] M. Dukes, E. Gardi, E. Steingrimsson, and C. D. White, “Web worlds, web-colouring
matrices, and web-mixing matrices,” 1301.6576.
[59] L. Lipatov, “Multi-Regge processes in gravitation,” Sov.Phys.JETP 55 (1982) 582–590.
[60] L. Lipatov, “Multi-Regge processes in gravitation,” Leningrad Inst. Nucl. Phys. Acad. Sci.
747 (April, 1982) 30p.
[61] L. Lipatov, “Graviton Reggeization,” Phys.Lett. B116 (1982) 411–413.
[62] H. J. Schnitzer, “Reggeization of N = 8 supergravity and N = 4 Yang-Mills theory,”
hep-th/0701217.
[63] M. T. Grisaru, H. J. Schnitzer, and H.-S. Tsao, “Reggeization of Yang-Mills gauge mesons
in theories with a spontaneously broken symmetry,” Phys. Rev. Lett. 30 (1973) 811–814.
[64] M. T. Grisaru, H. J. Schnitzer, and H.-S. Tsao, “The Reggeization of elementary particles
in renormalizable gauge theories: Scalars,” Phys. Rev. D9 (1974) 2864.
[65] M. T. Grisaru, H. J. Schnitzer, and H.-S. Tsao, “Reggeization of elementary particles in
renormalizable gauge theories - vectors and spinors,” Phys. Rev. D8 (1973) 4498–4509.
[66] M. T. Grisaru and H. J. Schnitzer, “Dynamical calculation of bound state supermultiplets
in N = 8 supergravity,” Phys.Lett. B107 (1981) 196.
[67] M. T. Grisaru and H. J. Schnitzer, “Bound states in N = 8 supergravity and N = 4
supersymmetric Yang-Mills theories,” Nucl.Phys. B204 (1982) 267.
[68] G. Korchemsky, J. Drummond, and E. Sokatchev, “Conformal properties of four-gluon
planar amplitudes and Wilson loops,” Nucl.Phys. B795 (2008) 385–408, 0707.0243.
[69] S. G. Naculich and H. J. Schnitzer, “Regge behavior of gluon scattering amplitudes in
N = 4 SYM theory,” Nucl.Phys. B794 (2008) 189–194, 0708.3069.
30
[70] S. G. Naculich and H. J. Schnitzer, “IR divergences and Regge limits of subleading-color
contributions to the four-gluon amplitude in N = 4 SYM Theory,” JHEP 0910 (2009) 048,
0907.1895.
[71] H. Kawai, D. Lewellen, and S. Tye, “A Relation Between Tree Amplitudes of Closed and
Open Strings,” Nucl.Phys. B269 (1986) 1.
[72] H. J. Schnitzer, “Reggeization of N = 8 Supergravity and N = 4 Yang-Mills theory. II,”
0706.0917.
[73] J. M. Henn, S. G. Naculich, H. J. Schnitzer, and M. Spradlin, “Higgs-regularized three-loop
four-gluon amplitude in N = 4 SYM: exponentiation and Regge limits,” JHEP 1004 (2010)
038, 1001.1358.
[74] J. M. Henn, S. G. Naculich, H. J. Schnitzer, and M. Spradlin, “More loops and legs in
Higgs-regulated N = 4 SYM amplitudes,” JHEP 1008 (2010) 002, 1004.5381.
[75] S. B. Giddings, M. Schmidt-Sommerfeld, and J. R. Andersen, “High energy scattering in
gravity and supergravity,” Phys.Rev. D82 (2010) 104022, 1005.5408.
[76] G. ’t Hooft, “Graviton dominance in ultrahigh-energy scattering,” Phys.Lett. B198 (1987)
61–63.
[77] H. L. Verlinde and E. P. Verlinde, “Scattering at Planckian energies,” Nucl.Phys. B371
(1992) 246–268, hep-th/9110017.
[78] D. Amati, M. Ciafaloni, and G. Veneziano, “Classical and Quantum Gravity Effects from
Planckian Energy Superstring Collisions,” Int.J.Mod.Phys. A3 (1988) 1615–1661.
[79] D. Amati, M. Ciafaloni, and G. Veneziano, “Higher order gravitational deflection and soft
bremsstrahlung in Planckian energy superstring collisions,” Nucl.Phys. B347 (1990)
550–580.
[80] D. Amati, M. Ciafaloni, and G. Veneziano, “Planckian scattering beyond the semiclassical
approximation,” Phys.Lett. B289 (1992) 87–91.
[81] D. Amati, M. Ciafaloni, and G. Veneziano, “Effective action and all order gravitational
eikonal at Planckian energies,” Nucl.Phys. B403 (1993) 707–724.
[82] S. B. Giddings and R. A. Porto, “The Gravitational S-matrix,” Phys.Rev. D81 (2010)
025002, 0908.0004.
[83] S. B. Giddings, “The gravitational S-matrix: Erice lectures,” 1105.2036.
[84] D. N. Kabat and M. Ortiz, “Eikonal quantum gravity and Planckian scattering,” Nucl.Phys.
B388 (1992) 570–592, hep-th/9203082.
[85] J. Bartels, L. N. Lipatov, and A. S. Vera, “Double-logarithms in Einstein-Hilbert gravity
and supergravity,” 1208.3423.
[86] R. Saotome and R. Akhoury, “Relationship Between Gravity and Gauge Scattering in the
High Energy Limit,” JHEP 1301 (2013) 123, 1210.8111.
31
[87] A. S. Vera, E. S. Campillo, and M. A. Vazquez-Mozo, “Color-Kinematics Duality and the
Regge Limit of Inelastic Amplitudes,” J. High Energy Phys. 04 (2013) 086, 1212.5103.
[88] Z. Bern, J. Carrasco, and H. Johansson, “New Relations for Gauge-Theory Amplitudes,”
Phys.Rev. D78 (2008) 085011, 0805.3993.
[89] Z. Bern, J. J. M. Carrasco, and H. Johansson, “Perturbative Quantum Gravity as a Double
Copy of Gauge Theory,” Phys.Rev.Lett. 105 (2010) 061602, 1004.0476.
[90] Z. Bern, T. Dennen, Y.-t. Huang, and M. Kiermaier, “Gravity as the Square of Gauge
Theory,” Phys.Rev. D82 (2010) 065003, 1004.0693.
[91] S. Weinberg, “Infrared photons and gravitons,” Phys.Rev. 140 (1965) B516–B524.
[92] S. G. Naculich and H. J. Schnitzer, “Eikonal methods applied to gravitational scattering
amplitudes,” JHEP 1105 (2011) 087, 1101.1524.
[93] C. D. White, “Factorization Properties of Soft Graviton Amplitudes,” JHEP 1105 (2011)
060, 1103.2981.
[94] R. Akhoury, R. Saotome, and G. Sterman, “Collinear and Soft Divergences in Perturbative
Quantum Gravity,” Phys.Rev. D84 (2011) 104040, 1109.0270.
[95] M. Beneke and G. Kirilin, “Soft-collinear gravity,” JHEP 1209 (2012) 066, 1207.4926.
[96] D. Miller and C. White, “The Gravitational cusp anomalous dimension from AdS space,”
Phys.Rev. D85 (2012) 104034, 1201.2358.
[97] S. Oxburgh and C. White, “BCJ duality and the double copy in the soft limit,” JHEP 1302
(2013) 127, 1210.1110.
[98] C. Boucher-Veronneau and A. J. Larkoski, “Constructing Amplitudes from Their Soft
Limits,” JHEP 1109 (2011) 130, 1108.5385.
[99] M. B. Green, J. H. Schwarz, and L. Brink, “N = 4 Yang-Mills and N = 8 Supergravity as
Limits of String Theories,” Nucl.Phys. B198 (1982) 474–492.
[100] D. C. Dunbar and P. S. Norridge, “Calculation of graviton scattering amplitudes using
string based methods,” Nucl.Phys. B433 (1995) 181–208, hep-th/9408014.
[101] D. C. Dunbar and P. S. Norridge, “Infinities within graviton scattering amplitudes,”
Class.Quant.Grav. 14 (1997) 351–365, hep-th/9512084.
[102] Z. Bern, L. J. Dixon, D. Dunbar, P. M., and J. Rozowsky, “On the relationship between
Yang-Mills theory and gravity and its implication for ultraviolet divergences,” Nucl.Phys.
B530 (1998) 401–456, hep-th/9802162.
[103] S. G. Naculich, H. Nastase, and H. J. Schnitzer, “Two-loop graviton scattering relation and
IR behavior in N = 8 supergravity,” Nucl.Phys. B805 (2008) 40–58, 0805.2347.
[104] A. Brandhuber, P. Heslop, A. Nasti, B. Spence, and G. Travaglini, “Four-point Amplitudes
in N = 8 Supergravity and Wilson Loops,” Nucl.Phys. B807 (2009) 290–314, 0805.2763.
32
[105] Z. Bern, C. Boucher-Veronneau, and H. Johansson, “N ≥ 4 Supergravity Amplitudes from
Gauge Theory at One Loop,” Phys.Rev. D84 (2011) 105035, 1107.1935.
[106] C. Boucher-Veronneau and L. Dixon, “N ≥ 4 Supergravity Amplitudes from Gauge Theory
at Two Loops,” JHEP 1112 (2011) 046, 1110.1132.
[107] S. Catani and M. Seymour, “The Dipole formalism for the calculation of QCD jet
cross-sections at next-to-leading order,” Phys.Lett. B378 (1996) 287–301, hep-ph/9602277.
[108] S. Catani and M. Seymour, “A General algorithm for calculating jet cross-sections in NLO
QCD,” Nucl.Phys. B485 (1997) 291–419, hep-ph/9605323.
[109] G. Korchemsky and G. Marchesini, “Structure function for large x and renormalization of
Wilson loop,” Nucl.Phys. B406 (1993) 225–258, hep-ph/9210281.
[110] A. H. Mueller, “On the asymptotic behavior of the Sudakov form-factor,” Phys. Rev. D20
(1979) 2037.
[111] J. C. Collins, “Algorithm to compute corrections to the Sudakov form factor,” Phys. Rev.
D22 (1980) 1478.
[112] A. Sen, “Asymptotic behavior of the Sudakov form-factor in QCD,” Phys. Rev. D24 (1981)
3281.
[113] L. Magnea and G. F. Sterman, “Analytic continuation of the Sudakov form-factor in QCD,”
Phys.Rev. D42 (1990) 4222–4227.
[114] E. Brezin, C. Itzykson, and J. Zinn-Justin, “Relativistic Balmer formula including recoil
effects,” Phys.Rev. D1 (1970) 2349–2355.
[115] R. Crawford and R. Jennings, Phenomenology of Particles at High Energies. Proceedings:
14th Scottish Universities Summer School in Physics, NY Academic Press, 1974.
[116] Z. Bern, L. J. Dixon, and V. A. Smirnov, “Iteration of planar amplitudes in maximally
supersymmetric Yang-Mills theory at three loops and beyond,” Phys.Rev. D72 (2005)
085001, hep-th/0505205.
[117] V. A. Smirnov, “Analytical result for dimensionally regularized massless on shell double
box,” Phys.Lett. B460 (1999) 397–404, hep-ph/9905323.
[118] J. Tausk, “Nonplanar massless two loop Feynman diagrams with four on-shell legs,”
Phys.Lett. B469 (1999) 225–234, hep-ph/9909506.
[119] V. Del Duca, “An introduction to the perturbative QCD pomeron and to jet physics at
large rapidities,” hep-ph/9503226.
[120] J. Bartels, L. N. Lipatov, and A. Sabio Vera, “BFKL Pomeron, Reggeized gluons and
Bern-Dixon-Smirnov amplitudes,” Phys. Rev. D80 (2009) 045002, 0802.2065.
33
